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In 1968, Haynsworth introduced the concept of the Schur complement 
of a matrix and proved a quotient formula for such complements [2]. 
Another proof of this formula was given in 1969 in a joint paper by 
Crabtree and Haynsworth [l 1. Further applications are to be found in 
[3] and [4]. 
However, these proofs of the quotient formula are not conceptual 
but consist of computational verification of the result. 
Recently, in some computations concerning the degree of a mapping, 
I found a simple interpretation of the Schur complement which allows 
also a very simple proof of the quotient formula. 
Consider two systems of “old” variables rr,. . . , rp; sl,. . . , sq, forming 
the components of a P-dimensional vector Y, and a q-dimensional vector 
s, respectively. Further, consider the corresponding systems of “new” 
variables pi,. , pD, components of the vector p, and cr,. . . , CT,, components 
of the vector 0. Assume that the “new” variables are obtained from the 
“old” variables by a transformation with the ($ + q) x (p + q) matrix: 
P 4 
H= det G # 0, 
p = Gr + Ls, 
o=Mr+Ns. 
(Here and in what follows the letters above the columns and to the right 
of the rows of block matrices denote the corresponding dimensions.) 
* Dedicated to the memory of Theodore Motzkin. 
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We carry out this transformation in two steps, going first from the 
vector Y to the vector p without changing the vector s. This corresponds 
to the transformation 
p = Gr + Ls, 
z = s. 
In the second step we introduce o and eliminate t = s: 
Y = G-l(p - Lz), 
c = MG-l(p - Lz) + Nt = MG-lp + (N - MGIL)z. 
This corresponds to the decomposition 
P 4 P 4 
I 0 
H= 
MG-l N - MG-lL (1) 
The q x q matrix N - MG-lL is denoted by (H/G) and is called t/z 
Schur cow$ement of G in H. 
The Haynsworth quotient formula which we are going to prove is 
(A/B) = ((AIC)I(BIC)). (2) 
Here the matrix A is an n x n matrix, n = p + q + Y, where the 
integers 9, q, y are positive ; B is a nonsingular principal minor of A of 
order 9 + 2, and C a nonsingular principal minor of B of order p. 
To prove (2), consider three “old” vectors X, y, z, 
x = (x1,. . . > XS)> Y = (Yl.. . .,Yn), z= (Zi,. . .,&)> 
and the “new” vectors 6, 7, [, with components 
5 = (61,. . .> E,), 9 = h.. .,rlnL 5 = (Cl>. . ., 5Jr 
and assume that the “new” variables are expressed in the “old” variables 
by the linear transformation A : 
(3) 
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Then our transformation can be written: 
E = Cx + K,y + Liz, 
71 = K,x + Kay + Lz> (4) 
5‘ = M,x + M,y + Nz. 
We can carry out the transformation (4) in two steps, going first from 
x, y, z to 5, q, z, and then from 6, q, z to 6, q, 5‘. The following decomposi- 
tion corresponds to that in (1) : 
p+c? 9, P+Y y 
I 0 B 
A= 
i 
* PSq 
* )i i N-MB-lL 0 Ir ’ 
where N - MB-IL = (A/B) is the transformation matrix of [ 
respect to z, assuming that [ and 11 are kept unchanged. 
On the other hand, we can carry out the transformation in 
steps, beginning by replacing x with 6, and keeping y, z unchanged. 
we have the decomposition 
P q+yP 4+y 
A=(: i)(Z I):+/ 
where P = (A/C) is of order q + Y. 
In the same transformation we get, also corresponding 
Pq Pq 
(5) 
with 
three 
Then 
(6) 
to (I), 
(7) 
where Q = (B/C). 
In order to show that Q is a principal minor of P we decompose P, as 
4 y 
P= 
Ul uz 4 ( 1 I/, vz r ’ 
and rewrite (6) as a relation between 3 x 3 block matrices, using (3): 
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we obtain 
It follows that (B/C) = U, is indeed a principal minor of P = (A/C). 
If we now go from y to q, keeping t and z invariable, we obtain finally 
as the transformation matrix of [ with respect to z 
(P/U,) = ((AmI( 
Since the result must be the same as we obtained from (5), formula 
(2) is proved. 
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